Abstract-The purpose of this paper is to study the numerical oscillations of Runge-Kutta methods for the solution of alternately advanced and retarded differential equations with piecewise constant arguments. The conditions of oscillations for the Runge-Kutta methods are obtained. It is proven that the Runge-Kutta methods preserve the oscillations of the analytic solution. In addition, the relationship between stability and oscillations are shown. Some numerical examples are given to confirm the theoretical results.
I. INTRODUCTION
The theory of the oscillation is one of the most interesting topics for applications. In recent years, the oscillations of difference equations [1, 2] , dynamic equations [3, 4] and delay differential equations [5] [6] [7] [8] have been studied and developed by many authors. Among these investigations, oscillations of solutions of differential equations with piecewise constant arguments (EPCA) have also been the subject of many recent investigations [9] [10] [11] [12] .
It is well known that studies of EPCA were motivated by the fact that they represent a hybrid of continuous and discrete dynamical systems and combine the properties of both the differential and difference equations. These equations play an important role in numerous applications [13, 14] . And the theory of EPCA was developed intensively in the last few decades, such as [15] [16] [17] [18] [19] . For a brief summary of the theory, the reader is referred to the book by Wiener [20] .
Recently, some important results on the properties of the numerical solutions of EPCA have been obtained, such as the stability [21] [22] [23] [24] and the oscillations [25, 26] . In [25, 26] , the authors considered the oscillations of numerical solutions in θ -methods and Runge-Kutta methods for the same equation, respectively. Our paper contains an attempt to enrich the gap by considering oscillations of the Runge-Kutta methods for a more complicated equation and discussing the relationship between stability and oscillations.
In the present work, we shall consider the equation and retarded type. We aim to investigate the oscillations of the numerical solutions in the Runge-Kutta methods for (1) , and get some relationships between stability and oscillations. The paper is organized in the following manner. In the next section, we give known definitions and results that will be needed further. Section 3 discusses the oscillations and non-oscillations of the numerical solution. We will prove that the oscillations of the analytic solution are preserved by the Runge-Kutta methods. In Section 4, we will obtain the relationship between stability and oscillations. Appropriate numerical examples are given to illustrate our results in Section 5.
II. PRELIMINARIES
In this section, we shall introduce some definitions and theorems. x t x t − ≤ ; otherwise it is called non-oscillatory. We say (1) is oscillatory if all the non-trivial solutions of (1) are oscillatory; we say (1) is non-oscillatory if all the non-trivial solutions of (1) are non-oscillatory. In [20, 27] 
,
B. Numerical oscillations and non-oscillations
For any given Runge-Kutta methods, we assume that
For the sake of simplicity, we omit the definition of oscillations of (5) is oscillatory. (1) 
we say the Runge-Kutta methods preserve the nonoscillations of (1) if (1) Tables 1-2 visually illustrate Theorems 6 and 7 respectively, where " − " denotes no limitation to parameters. And we give the conditions that the A -stable higher order Runge-Kutta methods preserve oscillations and non-oscillations of (1) (see Tables 3-4) . υ υ υ υ
IV. RELATIONSHIP BETWEEN STABILITY AND OSCILLATIONS

Theorem 8[20]
The solution of (1) 
V. NUMERICAL EXPERIMENTS
In order to give a numerical illustration to the main theorems in the paper, we consider the following four equations:
According to Theorem 2, the analytic solutions of (9) and (10) are oscillatory, the analytic solutions of (11) and (12) are non-oscillatory. In Figs. 1-4 , we draw the figures of the analytic solutions and the numerical solutions using 1-Gauss-Legendre method, 2-Radau IA method and 2-Lobatto IIIC method. From these figures, we can see that the numerical solutions of (9) and (10) are oscillatory, the numerical solutions of (11) and (12) All these numerical examples confirm our theoretical findings. 
